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Abstract
The 9Be nucleus is famous for its nuclear-molecular-orbit structure as a consequence of the α-cluster formation. The valence
neutron in the ground state of 9Be is theoretically predicted to occupy the pi-orbital but the properties of the molecular orbitals have
not been established by the experimental observables. Furthermore, divergence exists between the theoretical descriptions of 9Be
from different perspectives, i.e., the antisymmetrized molecular dynamics and the container picture of cluster dynamics. To settle
this discrepancy, we propose to probe the spatial extension of the pi-orbit neutron in the 9Be nucleus via the 9Be(p, pn)8Be knockout
reaction. The 9Be target is described by two different sophisticated microscopic models, the antisymmetrized molecular dynamics
(AMD) and Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave functions. The corresponding reduced width amplitudes (RWAs) in the
8Be+n channel are extracted from both the AMD and THSR wave functions, and they are found to describe drastically different
valence-nucleon motion, which shows the theoretical ambiguity in describing the pi-orbitals in 9Be. Using the RWAs as input, the
physical observables of the 9Be(p, pn)8Be knockout reaction are predicted by the distorted-wave impulse approximation (DWIA)
framework. The magnitudes of the triple-differential cross sections (TDX) are found to be highly sensitive to the RWA input. It is
concluded that the 9Be(p, pn)8Be knockout reaction could provide a feasible probing for the spatial extension of the pi-orbital in
the 9Be nucleus.
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1. Introduction
In atomic nuclei, the dynamical assembling of nucleons into
clusters is a fundamental aspect of nuclear many-body dynam-
ics [1]. Especially, the formation of α-clusters that saturates the
spin-isospin degrees of freedom provides a strong binding to
the nucleus [1]. For neutron-rich nuclei, the covalent molecular
bindings arise from the coupling between the α-clusters and the
valence neutrons, which is named as the “nuclear molecules”
[2]. The Be isotopes are the most prominent examples of nu-
clear molecular states, as predicted by the theoretical studies
using different kinds of microscopic models, as reviewed in
Refs. [2–6].
In the calculations using the generator coordinate method
(GCM) in Refs. [7], the molecular orbitals of pi-character and σ-
character are constructed from the linear combination of “atomic”
orbitals (LCAO) in p-wave around each of the two α-clusters
in the 9,10Be isotopes. In later studies [8, 9], linear combi-
nations of Gaussian wave packets are widely adopted in vari-
ous molecular orbit models. The ansatz of molecular orbitals is
∗Corresponding author
Email addresses: nguyentritoanphuc@yahoo.com (Nguyen Tri
Toan Phuc), mengjiao@rcnp.osaka-u.ac.jp (Mengjiao Lyu),
chiba@osaka-cu.ac.jp (Yohei Chiba),
kazuyuki@rcnp.osaka-u.ac.jp (Kazuyuki Ogata)
confirmed by the studies of antisymmetrized molecular dynam-
ics (AMD), which reproduces the molecular states of 9,10Be
isotopes without any model assumption [10, 11]. In Ref. [9],
the spatial extension of the pi-orbitals are found to be critical
in reproducing the energy difference between the 3/2− and the
1/2− states of 9Be, and the valence neutrons are predicted to lo-
cate at much more extended position measured from the center
of α-cluster, as compared to the compact orbitals constructed
by LCAO. In the generated two-center cluster model (GTCM)
[12], the transition from the molecular orbitals to the di-cluster
states are demonstrated and the prevalence of molecular config-
urations are confirmed for 10Be when the α-α distance S < 4
fm. In Refs. [13, 14], the pi-orbitals are reproduced by the
variational calculations of 9,10Be isotopes using the Tohsaki-
Horiuchi-Schuck-Röpke (THSR) wave functions, and the non-
localized motion is observed for the α-clusters under the exter-
nal covalent binding from the valence neutrons.
In the theoretical studies, special attention has been paid
to the essential role of nuclear molecular structures in repro-
ducing various properties of Be isotopes, especially the spec-
tral structure of rotational bands [3]. However, the information
on the molecular orbitals is limited except the several calcula-
tions such as in Refs. [6, 8, 14]. In Ref. [8], the nuclear pi-
orbit described by the GCM wave function of 9Be is discussed
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via a “two-dimensional reduced width amplitude.” In Ref. [6],
the sketches of molecular orbits are extracted from the AMD
wave functions of 10Be. In Refs. [13, 14], the molecular orbits
are discussed through the intrinsic densities calculated from the
THSR wave functions of 9Be and 10Be. However, the spatial
extension of the valence neutron and its model dependence have
not been confirmed yet by the experimental observables.
Essentially, both the AMD and the THSR wave functions
are variational approaches taking into account the antisymmetriza-
tion effects. It was shown that both the AMD and THSR can
reasonably describe the known properties of the ground and ex-
cited states of 9Be, such as the radius, energies, and electro-
magnetic transitions [10, 13]. Meanwhile, the different physi-
cal perspectives between these two microscopic models induce
divergence in the descriptions of 9Be. The AMD wave func-
tion focuses on the independent motion of single particles, as
a common nature of the molecular dynamics models, and the
α-clusters and molecular orbitals are produced by optimizing
the total wave function through diagonalization of Hamiltonian
with no a priori assumption on the structural information [6].
On the other hand, the THSR wave function is built upon the
Brink-Bloch type of bases [46] which emphasizes the motion
of the nuclear clusters formulated with strong internal correla-
tions, and the cluster dynamics is constrained within a param-
eterized Gaussian container which is determined by variational
calculations [13]. The divergence between the AMD and THSR
pictures is significant especially in the description of valence
neutron motion, as it is more sensitive to the binding mecha-
nism of the nucleus.
Recently, the development of experimental facilities has en-
abled new possibilities to clarify the single-nucleon properties
in nuclei by using the proton-induced nucleon knockout reac-
tions in normal [15] and inverse kinematics [16]. The theoret-
ical descriptions of the (p, pN ) knockout reactions have been
well established in the distorted-wave impulse approximation
(DWIA) framework [15], which has been applied successfully
in the analyses of experimental results for a wide range of nuclei
[16–24]. In addition, the cross sections of the (p, pα) reactions
on the 10,12Be targets has been predicted for the probing of α-
clustering effects [25, 26], in the DWIA framework [27, 28].
The reliability of this framework has been successfully demon-
strated in the parameter-free (p, pα) calculation for 20Ne target
[29].
In this study, we investigate the divergence between the
molecular dynamics and clustering pictures of 9Be nucleus, in
the AMD and THSR models respectively, through the struc-
tural calculations of model wave functions and the predictions
of reaction observables of proton induced nucleon knockout re-
actions. The direct probing is proposed for the spatial exten-
sion of the pi-orbital in the ground state of the 9Be target via
the 9Be(p, pn)8Be knockout reaction, and the triple-differential
cross sections (TDX) is predicted in the DWIA framework. We
show that the magnitudes of the TDX curves are strongly sensi-
tive to the different (pi-orbital) neutron distributions of the 9Be
target described by the AMD and THSR wave functions, which
can be a direct probe for the spatial extensions of molecular
orbitals.
This article is organized as follows: In Sec. 2, the DWIA
framework for the (p, pn) knockout reaction is introduced. In
Sec. 3, the AMD and THSR wave functions of 9Be, and the
extraction of corresponding reduced width amplitudes (RWA)
in the 8Be+n channel are explained. Numerical inputs for the
(p, pn) knockout reaction and the TDX results with different
distorting potentials are introduced and discussed in Sec. 4. The
last Sec. 5 contains the conclusion.
2. DWIA framework
The 9Be(p, pn)8Be knockout reaction is analyzed with the
same DWIA framework as presented in Refs. [15, 30]. The
transition amplitude for the (p, pn) reaction is given by
TK0K1K2 =
〈
χ
(−)
1,K1
χ
(−)
2,K2
∣∣∣ tpn ∣∣∣χ(+)0,K0ϕn〉 , (1)
where χi,Ki(i = 0, 1, 2) are the distorted scattering wave func-
tions of the p-9Be, p-8Be, and n-8Be systems, respectively. The
outgoing and incoming boundary conditions of these scattering
waves are specified by the superscripts (+) and (−), respec-
tively. Ki is the momentum of particle i in the three-body
center-of-mass (c.m.) frame. The relative wave function of the
valence neutron bound inside 9Be is denoted as ϕn, whose ra-
dial part is the RWA as defined in Ref. [47]. tpn is the transi-
tion operator for the p-n scattering. The TDX in the laboratory
frame of the 9Be(p, pn)8Be reaction is given by
d3σ
dEL1 dΩ
L
1dΩ
L
2
=FkinC0
dσpn
dΩpn
∣∣T¯K0K1K2∣∣2 , (2)
T¯K0K1K2 =
∫
dRχ
(−)
1,K1
(R)χ
(−)
2,K2
(R)
× χ(+)0,K0(R)ϕn(R)e−iK0·R/A, (3)
where Fkin and C0 are kinematical factors, and dσpn/dΩpn is
the p-n differential cross section at the energy and the scattering
angle deduced from the (p,pn) kinematics. The Møller factor is
taken into account when dσpn/dΩpn is evaluated in Eq. (2).
3. AMD and THSR wave functions
In this study, we use two well-established models, the AMD
and THSR wave functions, for the description of the 9Be target.
Here, we introduce briefly the formulations of both wave func-
tions. The detailed explanations can be found in Refs. [31] and
[13] for the AMD and the THSR wave functions, respectively.
In AMD, basis wave functions of the system are given in
the Slater determinants form
ΦAMD = A{ψ1ψ2 . . . ψA} , (4)
where ψi = φi ⊗ χi ⊗ ξi is the nucleon wave function which
contains a deformed Gaussian term in the coordinate space
φi ∝ exp
[
−
∑
σ=xyz
νσ
(
riσ − Ziσ√
νσ
)2]
. (5)
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Here, coordinates Zi are the centroids of the deformed Gaus-
sians satisfying condition
∑A
i=1Zi = 0. The χi and ξi are the
spin and isospin components, respectively, and they are defined
as
χi = αi |↑〉+ βi |↓〉 , ξi = |p〉 or |n〉 . (6)
The basis wave functions are prepared by the energy variation
of the AMD wave functions in Eq. (4) after parity projection,
where constraint on the expectation values of harmonic oscil-
lator quanta are imposed. The total wave function of the 9Be
target is obtained by diagonalizing the Hamiltonian with re-
spect to the projected AMD bases ΦJMAMD with total spin J and
z-componentM after angular momentum projection [32].
In THSR, basis wave functions of the system are constructed
in the Brink-Bloch form for the two α clusters and the valence
neutron, as
ΦBrink(R1,R2,Rn)
= A{ψ1(r1,R1)ψ2(r2,R1) . . . ψ4(r2,R1)
× ψ5(r5,R2)ψ6(r6,R2) . . . ψ8(r8,R2)
× ψ9(r9,Rn)}
(7)
where R1,2 andRn are generate coordinates of two α clusters
and the valence neutron, respectively. The ψi = φi ⊗χi × ξi is
the nucleon wave function, which is the product of a Gaussian
term in the coordinate space
φi(ri,R) ∝ exp
[−ν(ri −R)2] (8)
and the spin-isospin terms
χi = |↑〉 or |↓〉 , ξi = |p〉 or |n〉 . (9)
The THSR wave function of the 9Be target is then formulated
as
ΦTHSR =
∫
dRG(R,β)
∫
dRn G(Rn,βn)eiφ(Rn)
× ΦBrink(R,−R,Rn),
(10)
where G(R,β) is the deformed Gaussian function
G(R,β) = exp
(
−R
2
x +R
2
y
β2xy
− R
2
z
β2z
)
, (11)
and φ(Rn) is the azimuthal angle in the spherical coordinates
ofRn to produce the necessary negative parity of the pi-orbital
in the 9Be target. The center-of-mass projection and the angular
momentum projection are imposed on the THSR wave function
to restore the translational and the rotational symmetries of 9Be
[13].
The structure information of 9Be is integrated into the DWIA
model through the RWA in the 8Be+n channel, extracted from
the AMD and the THSR wave functions of the 9Be target as
y(a) =
√
9
〈
δ(r − a)
r2
φ(8Be)[Y1(rˆ)χn]
∣∣∣∣Φ(9Be)
〉
,
(12)
where φ(8Be) is the wave function of the 8Be residual in the
first 0+ resonance state, χn is the spin 1/2 of the valence neu-
tron, and Φ(9Be) is the AMD or THSR wave function of the
9Be target in the 3/2− ground state. In our calculation, φ(8Be)
is obtained by solving the α-α scattering problem with the Ali-
Bodmer potential [33], which is fitted from the experimental
phase shift. This choice provides a realistic wave function for
8Be. The RWA using AMD wave function is calculated with
the Laplace expansion method proposed in Ref. [34], and the
RWA using the THSR wave function is calculated with a new
method [35], which is an extended version of the traditional
Brink expansion method used in Ref. [36].
4. Results
We investigate the 9Be(p, pn)8Be reactions at 392 MeV in
the laboratory frame with the following kinematical conditions.
The kinetic energies for the incoming and outgoing protons are
taken at 392 and 251 MeV, respectively. The emission angle of
the outgoing proton is chosen to be (θL1 , φ
L
1 ) = (34
◦, 0◦). The
angle θL2 of the emitted neutron is varied in the range of 17
◦–
84◦ while the angle φL2 is fixed at 180
◦. The quasifree (recoil-
less) condition is found to be fulfilled at around θL2 = 50.5
◦.
The Franey-Love parametrization [37] is used for the p-n scat-
tering transition interaction tpn. The relativistic kinematics is
adopted for all scattering particles.
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Figure 1: Differential cross section of p + 9Be elastic scattering at 317 MeV.
The cross sections calculated with EDAD1 (black solid line) and folding po-
tentials (red dashed line) are compared with the experimental data taken from
Ref. [41].
The distorting potentials are the crucial inputs in the DWIA
calculation. To estimate the uncertainty coming from the opti-
cal potential, we perform the TDX calculations with two sets
of optical potentials. First, the EDAD1 parametrization of the
Dirac-phenomenology potential [38] is used. The other is the
microscopic single-folding model [39] using the Melbourne g-
matrix [40] and densities provided by the same wave functions
used in the RWA calculations. As shown in Fig. 1, both choices
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of optical potential reasonably reproduce the forward-angle re-
gion of p + 9Be elastic scattering experimental data at 317MeV
[41]. This result justifies the use of these potentials in the DWIA
calculation with the chosen kinematical condition. Compar-
ison with the same experimental data also suggests that the
EDAD1 set is the most suitable version among various Dirac-
phenomenology potentials [38, 42] for the considered reaction.
We note that although the spin-orbit component of the optical
potential is required to reproduce the data in Fig. 1, its effect
is very small in the TDX calculation of the considered kine-
matics [43]. The nonlocality correction, which is essential for
a quantitative (p,pn) description [15, 16], is taken into account
by multiplying the distorted wave functions by the Darwin (for
Dirac potential) or Perey (for folding potential) factors with the
range parameter β = 0.85 fm.
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Figure 2: Comparison of the intrinsic density distributions ρ(r) of the valence
neutron in the ground state of 9Be, predicted by the AMD (a) and THSR (b)
wave functions. The unit of the density plotting is fm−3. ρ(r) is normalized
as
∫
dr ρ(r) = 1.
In the structural calculations of AMD and THSR, the Gogny
D1S [44] and the VolkovNo. 2 [45] interactions are adopted, re-
spectively. The physical properties of 9Be calculated in both ap-
proaches are listed in Table 1. It shows that both wave functions
can well describe the energy and radius of the 3/2− ground
state.
Table 1: Physical properties of 9Be calculated in the AMD and THSR ap-
proaches. E denotes the energy of the 3/2− ground state and∆E is the excita-
tion energy of the first 5/2− state. Rrms is the matter root-mean-square radius
of the 3/2− ground state. “Exp.” denotes corresponding experimental values.
E (MeV) ∆E (MeV) Rrms (fm)
AMD -59.2 1.8 2.52
THSR -55.4 2.4 2.55
Exp. -58.2 2.4 2.45
In Fig. 2, we compare the intrinsic density distributions of
the valence neutron occupying the pi-orbit in the ground state of
9Be, predicted by the AMD and THSR wave functions. Here, it
is clearly shown that the AMD wave function describes a rela-
tively more compact density distribution of the valence neutron,
while the THSR wave function corresponds to a much larger
spatial extension in the horizontal direction.
In Fig. 3, we illustrate the RWAs calculated from the THSR
(black solid line) and AMD (red dashed line) wave functions.
0 1 2 3 4 5 6 7 8 9 10
0.0
0.1
0.2
0.3
0.4
ay
(a
) [
fm
-1
/2
]
a (fm)
 THSR
 AMD
9Be (3/2-1)
8Be (0+1)  p3/2
Figure 3: The RWAs of 9Be(3/2−
1
) state in 8Be(0+
1
) + n configuration given
by AMD and THSR calculations.
The corresponding neutron spectroscopic factors are 0.259 and
0.182, respectively. It shows that the RWA of AMD basis is
more compact compared to the one from THSR basis. This
implies a clear difference in the valence neutron motion be-
tween the AMD and THSR wave functions. The suppression
in the surface region of the AMD-RWA is caused by the cluster
breaking component included in the AMD model space, which
is one of the fundamental differences between the molecular
dynamics of independent nucleons and the container model of
cluster dynamics. It would be interesting to perform the in-
depth analyses for the RWA by structural investigations, but it
is beyond the scope of the present work. Instead, the ambigu-
ities in the theoretical predictions of RWAs presented in Fig. 3
can be clearly clarified via the experimental observables of the
9Be(p, pn)8Be reaction.
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Figure 4: The TDXs of 9Be(p,pn)8Be reaction at 392 MeV. pR is the recoiled
momentum.
In Fig. 4, the TDX given by the DWIA calculations are com-
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pared for the RWA from AMD (black lines) and THSR (red
lines) wave functions. For each RWA, we use two sets of dis-
torting potentials as described above. The TDX with THSR
wave function is larger than the one by AMD by nearly a factor
of 2. The shaded area represents the uncertainty of the TDX
coming from that of the optical potentials. Figure 4 illustrates
that the TDX from the two microscopic models are well sepa-
rated, especially around the two peaks. This drastic difference
in the magnitude of the TDX between the two justifies the use
of (p, pn) as a sensitive probe for the molecular orbit of neutron
in 9Be. By comparing the theoretical predictions in Fig. 4 with
experimental data, differentiation between the antisymmetrized
molecular dynamics and the container picture will become fea-
sible for the description of the ground state of 9Be.
5. Summary
In this work, we have investigated the divergence between
the antisymmetrized molecular dynamics and the container pic-
tures in the present theoretical descriptions of the 9Be nucleus,
and proposed to probe the corresponding spatial extensions of
the nuclear pi-orbit in 9Be via the 9Be(p, pn)8Be knockout re-
action. The 9Be target in the initial state is described by us-
ing two different sophisticated microscopic models including
the AMD and the THSR wave functions. The RWAs in the
8Be+n channel are extracted from these two structural mod-
els, which are found to describe the drastically different mo-
tion of the valence neutron. The clear difference between these
two RWAs demonstrates the theoretical ambiguity in describ-
ing the pi-orbital of 9Be nucleus. Using the RWAs as input,
the physical observables of the 9Be(p, pn)8Be knockout reac-
tion are predicted in the DWIA framework. The magnitudes of
the TDX curves are found to be highly sensitive to the different
spatial extension of the valence nucleon motion. It is concluded
that the 9Be(p, pn)8Be knockout reaction could provide a fea-
sible probing for the size of the pi-orbital in the 9Be nucleus.
It is also expected that the corresponding experimental results
will provide validation and constraint for the development of
structural models.
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